Here we propose a novel searching scheme for a tuning parameter in high-dimensional penalized regression methods to address variable selection and modeling when sample sizes are limited compared to the data dimensions. Our method is motivated by high-throughput biological data such as genome-wide association studies (GWAS) and epigenome-wide association studies (EWAS). We propose a new estimate of the regularization parameter λ in penalized regression methods based on an estimated lower bound of the proportion of false null hypotheses with confidence (1 − α). The bound is estimated by applying the empirical null distribution of the higher criticism statistic, a second-level significance test constructed by dependent p-values using a multi-split regression and aggregation method. A tuning parameter estimate in penalized regression, λ, corresponds with the lower bound of the proportion of false null hypotheses. Different penalized regression methods with varied signal sparsity and strength are compared in the multi-split method setting. We demonstrate the performance of our method using both simulation experiments and the applications of real data on (1) lipid-trait genetics from the Action to Control Cardiovascular Risk in Diabetes (ACCORD) clinical trial and (2) epigenetic analysis evaluating smoking's influence in differential methylation in the Agricultural Lung Health Study. The proposed algorithm is included in the HCTR package, available at https://cran.r-project.org/web/packages/HCTR/index.html.
a large number of loci with small effects (Consortium et al., 2003) . Most current methods, such as the mixed linear model approach Zhang et al., 2010b) and genome-wide efficient mixed-model association (Zhou and Stephens, 2012) , require Bonferroni correction for multiple hypotheses after association analysis on a locus-by-locus basis (with millions of loci in each study). Assume α is the desired overall significance level and p is the number of hypotheses. Bonferroni correction tests each individual hypothesis at a significance level of α/p. However, in high-dimensional data, as p → ∞ and α/p → 0, the Bonferroni correction is overly conservative (Perneger, 1998) so that the power of GWAS is too low (even if correction is only for the effective number of loci after correcting for correlations). Therefore, important loci underlying complex traits are likely to be missed by traditional Bonferroni correction.
Multi-locus models of penalized regression, such as penalized logistic regression (Ayers and Cordell, 2010) and elastic net (Cho et al., 2010) , have been proposed as alternative strategies to single-locus GWAS methods because of their natural properties without Bonferroni correction. Since these methods are shrinkage approaches, tuning of the regularization parameter (λ) is extremely important (Tibshirani, 1996) . The accuracy of variable/predictor selection is highly related to the choice of the regularization parameter (Olson et al., 2017) . The most widely accepted method for tuning the regularization parameter is described in Friedman et al. (2010) . This algorithm computes solutions for a decreasing sequence of values for λ. In this decreasing sequence, λ max is the smallest value that can shrink the entire coefficient estimations to zero, and λ min = cλ max , where c is a small positive constant. The final choice of λ in this sequence is data-driven and optimizes the λ value that minimizes the value of the loss function. However, the tuning range and final decision on the regularization parameter lacks theoretical support from domain knowledge, such as genetics in GWAS.
Another limit of penalized regression is the requirement for the signal strength. Here, we define S 0 = {i; β 0 i = 0, i = 1, ..., p} as the set of true non-zero variables, where β 0 i is the i-th variable in the true model, and the corresponding s 0 = |S 0 |. van de Geer et al. (2011) proposed a beta-min condition to guarantee that all non-zero coefficients are sufficiently large min
for a positive constant β min . When β min = φ −2 s 0 log (p)/n, where φ −2 denotes a restricted eigenvalue of the design matrix. Under the beta-min condition , this is the variable screening property:
P (Ŝ ⊇ S 0 ) → 1(p ≥ n → ∞).
(2) Consistent variable selection is achieved when the irrepresentable condition (Zhao and Yu, 2006) and beta-min condition are satisfied: P (Ŝ = S 0 ) → 1(p ≥ n → ∞).
(3) However, the beta-min condition is not always satisfied with real data (i.e., signals may be weaker than some thresholds). Thus, some signals can be ignored by variable selection in penalized regression methods. Accordingly, a method that can estimate the number of non-zero variables in a model is needed.
In this article, we propose an estimate of the regularization parameter λ based on p-values from the multi-split regression method. A second-level significance test, higher criticism (Donoho et al., 2004) , is then used to estimate a lower bound of the proportion of false null hypotheses (Meinshausen et al., 2006) with confidence (1 − α). The estimate of λ corresponds to the lower bound of the proportion of false null hypotheses. Thus, the optimal choice of λ is determined based on not only the mean square error in cross-validation, but also an estimate of non-zero variables.
In the following sections, we describe our analytical framework, including (1) the generation of dependent p-values;
(2) the derivation of the lower bound for the proportion of false null hypotheses; and (3) its relation to the choice of regularization parameter. We validate our approach with simulation experiments that compare (1) the variable selection of different penalized regression methods in a multi-split setting under different signal sparsity and strength; (2) the consistency of the proportion estimator under different signal sparsity and strengths; and (3) the variable selection results for weak and sparse signals in high-dimensional data with higher criticism tuned parameters. We compare the performance of our analytic approach to traditional penalized regression methods. Finally, we demonstrate our approach using two datasets that were collected with different high throughput genetic technologies. In the first dataset we evaluate the genetic etiology of (1) lipid traits (low-density lipoprotein (LDL) values) in a cohort of patients with Type 2 Diabetes who were participants in the Action to Control Cardiovascular Risk in Diabetes (ACCORD) clinical trial (Gerstein et al., 2008) and have genome-wide single nucleotide polymorphism (SNP) data collected (Marvel et al., 2017; Rotroff et al., 2018a; Shah et al., 2016; Morieri et al., 2018; Shah et al., 2018; Rotroff et al., 2018b) . In the second dataset, we evaluate epigenetic markers for association with epigenetic analysis evaluating smoking and pulmonary lung function in Agricultural Lung Health Study. Because of different data structures of SNP and epigenetic markers, we demonstrate the performance of our method in different data types. The particular data sets used we used were chosen because of strong, reproducible signals in the data. The etiology of lipid traits has been extensively studies in large cohorts and meta-analyses, which provides a baseline for the expected signals our method should be able to find (Dron and Hegele, 2016) . The methylation signature of smoking is also well validated (Joehanes et al., 2016; Sikdar et al., 2019) .
Methods and Materials

Higher Criticism Test Statistic and Proportion Estimator for Independent Multiple Tests
Higher criticism is a multiple testing concept originally mentioned by Tukey. Donoho et al. (2004) proposed a generalized form of higher criticism. In a scenario with a large number of independent hypothesis tests, the higher criticism statistic performs as a global test statistic on the joint null hypothesis at significance level α. This test statistic is generated by standardizing the difference of the observed and expected fraction of significance under the global null. In this setting, there are p independent hypotheses tests, where the i-th test statistic T i follows
where µ i > 0. In a special case, assume all the non-zero µ i are the same. If π is defined as the unknown proportion of false null hypotheses, then a global test can be described as
Here, let the p-value of the i-th hypothesis test be
and denote p (i) as the i-th sorted p-value in increasing order. Note that the p-value follows a uniform distribution Unif(0, 1) under the null hypotheses. Then, under the global null, p (i) is an order statistic from Unif(0, 1). The higher criticism test statistic is defined as:
.
The higher criticism test statistic tests whether the proportion, π, is 0. Meinshausen et al. (2006) considered an estimator for the proportion of false null hypotheses among independent multiple hypotheses tests. Based on the empirical distribution of the p-values of those tests, a lower 100(1 − α)% confidence bound,π, is proposed, such that
where π = p −1 p i=1 1{P i ∼ G i }, P i is the distribution of the i-th p-value, G i is an unknown distribution of the i-th p-value if the i-th null hypothesis is rejected. There is no distribution assumption for p-values from false null hypotheses, but it is certainly not Unif(0, 1). Thus, the empirical distribution of the p-values is denoted as
where t ∈ (0, 1), andÛ (1−π)p andĜ πp denote the empirical distributions of the p-values from (1 − π)p null hypotheses and πp false null hypotheses. When all p-values are from null hypotheses, π = 0, then define
and denote γ p,α as a bounding sequence of V p (t) such that (a) pγ p,α monotonically increases with p, and (b) P (V p (t) > γ p,α ) < α for all p. The estimator of π is defined as:
whereπ satisfies the inequality in Equation (6).
Proportion Estimator for Dependent Multiple Tests
With the assumption that all variables, hypotheses tests, and p-values are independent, the estimator is determined with Equation (9). However, this independent assumption is not always true. Since the estimator is based on the higher criticism, the most straightforward way to handle correlation and dependence is by modifying the higher criticism and the corresponding estimator.
Some versions of modified higher criticism consider covariance structure, among other tests. Hall et al. (2010) proposed the innovated higher criticism (iHC), a modified higher criticism that detects sparse signals in correlated noise by paying attention to the correlation structure. Again, consider a p-dimensional Gaussian vector of test statistics from hypotheses tests,
where µ is a vector, and its i-th element µ i = 0 if the i-th null hypothesis is true. Let Σ p be a positive definite matrix, and denote U p such that U p Σ p U p = I p . For simplicity, when choosing bandwidth b p = 1, applying the standard higher criticism to U p T is a special case of innovated higher criticism, where
Although innovated higher criticism has better performance than higher criticism under the dependence condition, we did not use it on our estimator for three reasons:
1. In most cases, Σ p is unknown and must be estimated at high computational cost; 2. Some of the estimated Σ p may not be positive definite, so U p cannot be calculated directly;
3. The cost of Cholesky decomposition is p 3 /3 flops and increases rapidly with p.
Another modified test statistic is generalized higher criticism proposed by Barnett et al. (2017) . Unlike innovated higher criticism, generalized higher criticism does not transform the original test statistics. Instead, it estimates the variance of distribution to replace the binomial type denominator of standard higher criticism. Based on Equation (7), the empirical distribution of p-values can be defined using test statistics as
where t ≥ 0. Then, cov{S p (t i ), S p (t j )}, as well as other estimates of var(S p (t)), can be directly using Hermite polynomial. Generalized higher criticism is defined as
whereφ(t) = 1 − φ(t) is the survival function of the standard normal distribution. Generalized higher criticism can handle correlation structure and signal sparsity, but the calculation complexity of estimation can be a problem.
This raises the question of whether there is any other solution since modifying standard higher criticism always results in more complex computations. Jeng et al. (2019) studied the consistency of the estimator using standard higher criticism in Meinshausen et al. (2006) in a scenario in which there was block dependence. Block dependence means that there is arbitrary dependence within each block of tests but not between blocks. For a sequence of ordered p-values, denote L as the total number of noise (true null hypotheses) variables ranked before the last signal (false null hypotheses) variable, and assume that L is bounded almost surely by a numberl. Let p 0 (1) , ..., p 0 (p−πp) be the ordered p-values from true null hypotheses, and assume that for any r = 1, ...,l,
where F r is the left-side probability for independent p-values and c 1 ≥ 1 is a constant. Theorem 2.4 of Jeng et al. (2019) stated that under block dependence and Equation (14), let the true but unknown π = p −η and η ∈ [0, 1), then we have P (1 − δ <π/π < 1) → 1 as p → ∞ for an arbitrary small constant δ > 0 if any of these conditions below are satisfied:
1. η ∈ [0, (1 − κ)/2), inf t∈(0,1) G (t) = 0, and 1 <<l log(l) << p 1−η/2 .
, and 1 <<l log(l) << p 2(1−η) .
As these conditions are realistic and the consistency of the estimator from standard higher criticism is proven, we use a standard higher criticism estimator in our study.
p-values in High-dimensional Regression
Many prior works have focused on calculating p-values in high-dimension regression models. We discuss here a few that are related to our work. Before considering details, we first define our notations in a linear regression model:
where y is an n × 1 vector, X is an n × p design matrix and p >> n, β is a p × 1 parameter vector, and error term is an n × 1 vector. To eliminate the intercept in the regression model, the observed variable and input variable are centered so that the observed mean is 0. Tibshirani (1996) defined the Lasso estimator, one of the most well-known ways to perform regression shrinkage and variable selection, as:
where || · || 1 is vector L1-norm, and λ ≥ 0 is the tuning parameter. There are three main inferential tasks in high-dimensional models Bühlmann and Van De Geer (2011): given that β 0 is the truth, (a) prediction accuracy, ||Xβ − Xβ 0 || 2 2 /n; (b) parameter estimation accuracy, ||β − β 0 || q , q ∈ {1, 2}; and (c) variable selection by considerinĝ S and S 0 , whereŜ = {i;β i = 0, i = 1, ..., p} andS 0 = {i; β 0 i = 0, i = 1, ..., p}. A number of prior studies have focused on assigning significance in high-dimensional regression. This is a challenging task since asymptotically valid p-values are not available. Meinshausen et al. (2009) proposed randomly splitting samples into two groups multiple times, say B. The authors conducted variable selection on one subgroup of samples to choose k i=1,...,B < n << p variables and performed ordinary least squares for k i variables on the other subgroup of samples. Subsequently, B groups of p-values were aggregated for all variables.
Post-selection inference is another widely accepted method of assigning significance in high-dimensional regression. Lockhart et al. (2014) originally described the method and Tibshirani et al. (2016) extended the results of the asymptotic null distribution of the "covariance" test to test hypotheses up on adding new individual features to a selected model.
In the present study, we split the data multiple times. We apply Lasso, adaptive Lasso (Zou, 2006) , smoothly clipped absolute deviation (SCAD) (Fan and Li, 2001) , and minimax concave penalty (MCP) (Zhang et al., 2010a) to the first half of the data to perform variable selection. We chose these methods, because first, we would like to compare their penalties in regression; second, they satisfy the screening property when assuming the compatibility condition on the design matrix X, the sparsity assumption, and a beta-min condition (Dezeure et al., 2015) . We use the ordinary least squares method for the second half of the data to obtain corresponding p-values for the individual variables selected from the first half of the data. After sufficient Monte Carlo sampling, we aggregate the p-values for each individual variable. While this is a generic method, it requires a beta-min assumption. Details of our proposed method are described in Section 2.4.
Higher Criticism Tuned Regression Algorithm
To perform high-dimensional variable selection, we propose a robust multiple-stage algorithm called higher criticism tuned regression. Figure 1 is a flowchart that outlines details of the procedure. The algorithm contains two main parts: (a) p-value generation (in the green circle) and (b) a corresponding estimated lower boundπ and higher criticism tuned regression solutionβ HCR (λ) (in the red circle).
In the first part, p-values for each variable in the high-dimension model are generated according to single-split (Wasserman and Roeder, 2009 ) and multi-split (Meinshausen et al., 2009) methods. Recall that Equation (15) is a linear regression model, where y is an n × 1 vector, and X is an n × p design matrix. We randomly choose n 2 observations from y and their corresponding rows in X. We apply penalized regression methods, such as Lasso, adaptive Lasso, SCAD, or MCP, on the first half of data, y n 2 and X n 2 ×p . Assume that we have k non-zero estimates out of p variables in penalized regression, where k < (n − n 2 ). This creates a subset of the second half of X, and so now we have X (n− n 2 )×k . The ordinary least squares method is applied for y n− n 2 and X (n− n 2 )×k . To control the family-wise error rate, the i-th p-value from t-test is corrected by Bonferroni correction as p i = min(kp i , 1). However, as mentioned in Meinshausen et al. (2006) , using the family-wise error rate control results in a significant loss of power. If the signals are weak and the proportion of false null hypotheses is small, a more powerful tool is needed instead Figure 1: Flowchart of higher criticism tuned regression. p-value generation is in the green circle, and the estimated regression solution is in the red circle. of stricter inference. Further, we empirically calculate the distribution of p-values under the null hypothesis and use this for subsequent estimator construction. We are interested in the difference between the null distribution and the observed values and thus we do not use family-wise error rate control for null distribution p-values or sample calculated p-values. We assign the k p-values from the t-test in ordinary least squares regression to the corresponding k selected variables. In contrast to Meinshausen et al. (2009) , we denote the p-values of the rest (p − k) unselected variables as random variables following uniform distribution between (0, 1). We repeat random sample splitting and calculate the p-values B times, where B should be sufficiently large. For example, if B = 100, we will have B p-values for each variable, p 1 i , ..., p B i , (i = 1, ..., p). These B p-values are aggregated by harmonic mean p-value Wilson (2019) . Similar to Fisher's method, the harmonic mean p-value is a p-value used to test whether groups of p-values are statistically significant. Because the half samples used in ordinary least squares regression are part of the same full sample, there is dependence among the B p-values. The advantage of the harmonic mean p-value over Fisher's method is that independence among p-values is not required. After generating p-values for all variables, we use them to buildπ = sup t∈(0,1)
is the empirical distribution of p p-values from test data. Then, to get a valid bounding sequence γ p,α , Jeng et al. (2019) simulated the empirical distribtion of V p (t) in equation 8 under global null, where the null hypothesis is realized by using permutation method proposed in Westfall et al. (1993) . As a result, γ p,α can be determined by finding the (1 − α p )th quantile of the empirical distribution of V p (t) from simulations.
Previously, the choice of tuning parameter λ was always data-driven, for example, loss for linear regression or likelihood and misclassification rate for logistic regression. Here, based onπ, we propose a narrower tuning region for λ in penalized regression methods:λ = argmin
where p is the total number of variables. The widely accepted tuning region of λ is [0, λ 0 ], where λ 0 is the minimal value that shrinks all variables to zero. Since π ≥ 0 andπ ≥ 0, we haveλ(πp)
gives a narrower tuning region of λ and a better final choice of λ if π > 0.
For example, Figure 2 shows an example with a Lasso solution path using glmnet. The general tuning method for the regularization parameter is finding a minimum λ such that all the estimates are shrunk to zeros. The value of λ that gives the minimum mean cross-validated error is 0.242, which gives log(λ) = −1.419, the left dashed line in Figure Figure 2 (a), the gray area is the new tuning region, which is bounded by {λ 1 ; ||β(λ)|| 0 = 9} and {λ 2 ; ||β(λ)|| 0 = 10}. When the new tuning region is shifted to Figure 2 (b), we can find a newλ that minimizes cross-validated errors. In the following section, we demonstrate how this effects our final selected model.
We use simulation tests to answer the following topics: (a) whether a combination of different methods will perform better than a single method for multi-split variable selection; (b) the performance of p-value aggregation; (c) the consistency of the lower bound estimator; and (d) the accuracy of variable selection using higher criticism tuned regression.
3 Simulation Studies
Variable Selection with Different Signal Strengths under Block Dependence
We first consider sparse linear and logistic regression models with different signal strengths and compare the variable selection performance of penalized regression methods: Lasso, adaptive Lasso, SCAD, and MCP. For the simulation studies, we simulate n = 100 samples and p = 1000 variables. Each row of design matrix X n×p is generated as x i ∼ N p (0, Σ) with block dependence structure matrix Σ = diag(Σ 1 , Σ 2 , Σ 3 , ...), where each Σ i is a πp × πp matrix with element σ j,k = (0.5 |j−k| ). Note that our simulations focus on dependent multiple tests using a block correlation structure, which is a more realistic and challenging scenario than an independent variable design. To implement the multi-split algorithm, we conduct penalized regression in B = 100 loops. In each loop, 50 samples are randomly chosen from a total 100 samples for penalized regression. Then, 5-fold cross-validation tests are applied for Lasso, adaptive Lasso, SCAD, and MCP to search for the corresponding best model using two R packages glmnet (Friedman et al., 2009 ) and ncvreg (Breheny and Breheny, 2019) . The parameter γ is fixed at 3.7 in SCAD and 3.0 in MCP. Tables 1 and 2 summarize the average true positive (TP, a variable in the true model is chosen correctly), false positive (FP), true negative (TN), and false negative (FN) values. Besides, diagnostic odds ratio (Glas et al., 2003) and F 1 score (Chinchor, 1992) are calculated for each method, where
From Equation 18 and 19, we can see F 1 score focuses more on sensitivity of a test, while diagnostic odds ratio is a more general test. It is possible that they do not give the same ranking of tests.
In sparse linear regression, the response is y = Xβ + , where β = (β πp , 0 p−πp ) , β πp is a vector with equal elements, and π is fixed at 0.01, ∼ N p (0, I p ). For all four methods, more signals are chosen as the signal strengths increases. Among the four methods, Lasso chooses more false positive signals when the signal is strong, while adaptive Lasso results in less false positive values when the signal is strong. However, both Lasso and adaptive Lasso have lower specificity than SCAD and MCP. The diagnostic odds ratio (DOR) and F 1 score are more general indicators of test performance. We say a completely random test will have DOR = 1, so a larger DOR indicates a more significant classification test. Both DOR and F 1 score show us the fact that it is more challenging to identify signals when their strengths are weak. Table 1 indicates two points that could be improved: (1) the power of SCAD and MCP, as they are less likely to produce type I errors than the other two methods; and (2) the power of all methods when signals are weak. We later compare our proposed methods with the results.
Note that in a genomics situation, detection of any one variable, such as single-nucleotide polymorphism (SNP), in a block would usually be sufficient to trigger detailed fine mapping to understand the inter-variable correlation or linkage disequilibrium (LD) in genetics. In a word, if one of variables in a block is detected, then you have effectively detected all correlated variables. The power of this method is underestimated if this is a genetic simulation.
In sparse logistic regression, each element in response y follows a Bernoulli distribution with the success probability as exp(xiβ) (1+exp(xiβ)) , where x i is the i-th row of design matrix X and β is the same as denoted in the linear regression models. Local solutions of SCAD and MCP are implemented in logistic regression models. Table 2 shows that it is more challenging to find the true model in logistic regression models than in linear regression models. The results also indicate that power can be improved when signals are weak. This is a high-dimensional classification problem and is the focus of other projects.
Variable Selection with Different Signal Sparsity under Block Dependence
We now look at variable selection performance of the four methods at different sparsity values, π = 0.001, 0.002, 0.005, 0.01. The setup for all models is similar to that outlined in Section 3.1. Note that all row vectors in the design matrix are generated randomly following multivariate normal distribution, so increasing the number of variables in the true model may not increase the number in the final chosen model for some algorithms.
Again, we first fit linear regression models. Table 3 shows that at all sparsity levels, adaptive Lasso is always the most powerful method, followed by Lasso. However, these models result in more false positive values than SCAD and MCP. Among all the methods, MCP has the highest specificity. Table 4 summarizes the logistic regression models and shows the same conclusions as Table 3 . Now we revisit the penalties of these four penalized regression methods and the reason why we choose them for comparison. Lasso is used as a baseline here since it is the most basic shrinkage regression methods while generating biased estimators. In an orthonormal case, we have whereβ j is the j-th Lasso estimator, and β j is the corresponding true value. Based on Lasso, Adaptive Lasso has a two-stage algorithm. In order to reduce bias, Adaptive Lasso assigns smaller penalties to variables with larger initial regression coefficients from OLS or ridge regression. As alternatives to Adaptive Lasso, some single-stage algorithms have been proposed where the penalty tapers off when |β j | gets larger. Tapering penalties cannot be convex. Famous examples of them are SCAD and MCP, both with nonconvex penalties. This is where the γ in the tables from, which controls how rapidly the penalty tapers off.
p-value Aggregation
After conducting variable selection on the first-half samples with penalized regression models (see Section 3.1 and 3.2), we use classic ordinary least squares regression to calculate p-values for those selected variables and assign Unif(0, 1) to the unselected variables. After generating B groups of p-values, we implement harmonicmeanp, as described in Wilson (2019) , to calculate the corresponding asymptotically exact harmonic mean p-values. For comparison, we fit the true model with all signals and plot the distribution of p-values from the fit in Figure 3 , where, for model β i = 0.2, σ 2 = 1 and i is the index of signals. Because of multicollinearity and the weakness of signals, the distribution of p-values is highly uniform. Figure 4 , 5, and 6 show the distributions of the aggregated p-values, with p-values of signals in black and p-values of noise in gray. When the signal is weak, such as in Figure 4 , β i = 0.2, where i is the location of a signal, and not all signals have p-values smaller than 0.05. This indicates that using p-values for variable selection is not desirable and that the beta-min condition must be satisfied Bühlmann and Van De Geer (2011) . However, as signal strength increases to 0.5 and 1, the p-values of signals become increasingly significant. Further, although there is a clear difference in variable selection performance in Section 3.1 and 3.2, the distributions of the p-values of signals are not significantly different. Finally, we conclude that our modified multi-split algorithm works better for strong signals. We use the permutation method to repeat this procedure and generate a valid higher criticism test statistic under the null hypothesis.
Lower Bound Estimation Performance
Using the same models in Section 3.1 through 3.3, we follow the permutation method introduced in Jeng et al. (2019) to shuffle outcomes y and re-assign each element of y to a random individual. For each permutated data set, we calculate a new group of p-values and a corresponding higher criticism test statistic. We repeat this process 1, 000 times and construct an empirical distribution of higher criticism test statistic under the null hypothesis. As suggested in Jeng et al. (2019) , we use α = 1/ log(p) for our test, where p = 1000. Using Equation (9), we calculate an estimate of signal proportion,π, and compare it with the true signal proportion, π. Table 5 provides details. We try different sparsity values, π = 0.002, 0.005, 0.01, and different signal strengths. We conduct the penalized regression method 10 times for each sparsity and signal strength condition. Table 5 summarizes mean values and standard deviations of ratiosπ/π. The table also includes a column titled combination. For each simulation, the maximum and minimum estimated proportion is dropped from the four penalized regression methods, and the mean is calculated from the remaining two estimates.
Our combination method provides a robust estimate of signal proportion and its standard deviation is always the lowest among all five methods across all conditions. While we generally use variance and bias to evaluate the estimator of a parameter, here, given the low standard deviation and its closeness to 1, we use the combination method estimator.
Variable Selection Performance of Higher Criticism Tuned Regression
Finally, to summarize the simulation studies, we combine all the steps in our proposed algorithm. We conduct variable selection performance between four current penalized regression methods and their corresponding higher criticism tuned regression. Table 6 shows the results. Since the variance of the error term in our simulation model is 1, β i = 0.2 or 0.5 is relatively weak. This setting is for weak and sparse signals. In this scenario, it is challenging to find the true variables of a model. In Table 6 , it is clear that for the original tuning region, [0, λ 0 ], all four penalized regression methods select more variables than the true model. Especially for adaptive Lasso, the numbers of false positive variable selection are large for all four settings. As a comparison, when we update the tuning region as a higher criticism tuned region, {λ : πp ≤ ||β(λ)|| 0 ≤ πp }, all four methods make tremendously fewer false positive variable selections. Some of the methods have similar performance because the most significant variables in a model are highly likely to be the same as those in another model. It is clear that after higher criticism tuning, the odds ratios are increased compared with original values. This means that both original and tuned methods work, while the tuned method provides more significant classifications. On the other hand, the F 1 score depends a lot on true positive choices, so in the weak signal environment, where β = 0.2, tuned methods returns lower scores. However, in the moderate signal environment, where β = 0.5, tuned methods show better classification performance again. 
Real Data Applications
We demonstrate our approach on two high dimensional use cases in human genetics. The first is single-nucleotide polymorphism (SNP) data from a genome-wide association study evaluating low density lipoprotein (LDL) levels in patients with Type 2 diabetes (Marvel et al., 2017) . The second is differential methylation data from an epigenome wide study evaluating differential methylation related to smoking pack years (Sikdar et al., 2019) . The two different datatypes were chosen because they demonstrate the method on both discrete and continuous predictors. While both studies have genome-wide data available, candidate regions of substantial dimensionality were chosen based on previously established biological associations to aid in interpreting the results of our new approach.
Discrete Predictor: Genome-Wide Association Study
The Action to Control Cardiovascular Risk in Diabetes (ACCORD) clinical trial investigated whether intensive therapy to target normal glycated hemoglobin levels would reduce cardiovascular events in patients with type 2 diabetes (Gerstein et al., 2008) . Genome wide SNP data was collected on a large proportion of patients within the trial, and the data has been used mapping a number of clinically important phenotypes (Tang et al., 2019; Morieri et al., 2018; Rotroff et al., 2018a; Shah et al., 2018; Rotroff et al., 2018b; Shah et al., 2016) . Baseline lipid levels were the first trait mapped in ACCORD because the genetic etiology of lipid levels is well studied in non-diabetic people, with numerous studies and meta-analyses on hundreds of thousands of individuals replication (Marvel et al., 2017) . We use the data for low density lipoprotein (LDL) levels to demonstrate our approach. Data from chromosome 19 was chosen for the current analysis because there are confirmed SNPs that are consistently associated with LDL levels. Details of the data are described in Marvel et al. (2017) . Prior to analysis, quality control procedures were performed. For SNP level quality control, only SNPs with high variant call rates (95%) and minor allele frequency (5%) are kept. SNPs are also required to follow the expected proportions of Hardy-Weinberg equilibrium. A z-test for Hardy-Weinberg equilibrium is conducted for each SNP. If |z HWE | < |F −1 (0.5 * 10 −6 )|, the SNP will be filtered. Following Waldmann et al. (2013) , we replace missing alleles with the average allele frequency. For sample-level quality control, coefficients of inbreeding are calculated to filter samples with common ancestors. After quality control and genotype imputation, association of common genetic variants is tested using penalized multiple linear regression models and our proposed higher criticism tuned penalized regression models. In GWAS, the choice of covariates can significantly affect results. We use the 26 phenotype observations employed in Marvel et al. (2017) as covariates of multiple linear regression models, including the top three principal components that summarize population substructure (Price et al., 2006) . Complete-case analysis was used. Finally, we have n = 4540 individuals, p = 5746 SNPs and 29 covariates. There is no penalty effect put on these 29 covariates, which means they will always remain in the model. All four approaches were run on the data, and complete results are shown in Table 7 -8.
In Table 7 , we calculate he estimated proportion to beπ = 0.00536 = 0.536%. Thus the estimated number of significant SNPs is 30.807. Applying our estimation, we narrow the region for tuning parameter λ to [λ min , λ max ], as shown in Table 7 . While each method found a slightly different list of SNPs, with highly consistent results presented in bold. Here we highlight that all approaches identify rs445925, which is within the Apolipoprotein C1 (APOC1) gene. This SNP has been reported to be associated with LDL in previous publications, but was not identified when we tested for associations using traditional regression implemented locus-by-locus and then multiple testing procedures (Shatwan et al., 2018; Tang et al., 2015; Deshmukh et al., 2012; Trompet et al., 2011; Marvel et al., 2017) . APOC1 encodes a member of the apolipoprotein C1 family. It has been reported that its encoded protein plays a central role in high density lipoprotein (HDL) and very low density lipoprotein (VLDL) metabolism (Jong et al., 1999; O'Leary et al., . This protein has also been shown to inhibit cholesteryl ester transfer protein in plasma (de Barros et al., 2009; O'Leary et al., 2015) . Our discovery demonstrates the potential of the method to identify genetic association while considering correlation among biomarkers while higher power as compared to more traditional approaches. All selected SNPs are listed in Table 8 . The selection differences among four methods are from the differences of solution paths for each respective penalized regression method.
Continuous Predictor: DNA Methylation Data
In contrast to the categorical nature of the SNP data, differential methylation at Cytosine-phosphate-Guanine (CpG) sites across the genome is measured as a continuous trait that ranges from 0 to 1. As an application on continuous predictors, we evaluated data from an epigenome-wide association study (EWAS) for smoking related DNA methylation data in the Agricultural Lung Health Study, a case-control study of adult asthma nested within an agricultural cohort (House et al., 2017) . After data cleaning, our analysis includes IlluminaEPIC data from 2286 individuals. We investigate associations between pack-years, (packs smoked per day) × (years as a smoker), and methylation β values at CpG sites in Chromosome 5. This region was selected because it included 153 CpG sites mapped to the Aryl hydrocarbon receptor repressor (AHRR) and the PDZ and LIM domain protein 7 (PDLIM7) genes (R package IlluminaHumanMethylationEPICmanifest) that have validated associations across multiple studies (Joehanes et al., 2016) . Additionally, to demonstrate our method on a similar level of dimensionality as the SNP data, we included selected CpG sites on the chromosome so that the number of sites, p, is 5000. rs62106026, rs79038264, rs72999871, rs77071715, rs7254996, rs34002820, rs7255589, rs2106917, rs10414987, rs75981480, rs1687983, rs4806078, rs73037271, rs17265865, rs892594, rs445925, rs11671132, rs251683, rs77059600, rs3745495, rs11084080, rs2288868, rs10420138, rs62110397, rs200657736, rs3745902, rs28506185, rs8102873, rs1548476, rs7257872 Prior to analysis, quality control procedures were performed. We limit extreme values by winsorizing top and bottom 5% β values at each CpG site. Missing DNA methylation β values are imputed by using observed average values. After quality control and imputation, association between pack year and DNA methylation β values is tested using penalized multiple linear regression models and our proposed higher criticism tuned penalized regression models. Similar to GWAS, the choice of covariates also plays an important role in EWAS. We use 20 variables (see Table 11 for details) as covariates in multiple linear regression models, such as age, gender, principal components, and cell-type proportion. In summary, we have n = 2286 individuals, p = 5000 β values and 20 covariates. There is no penalty effect put on these 20 covariates, which means they will always remain in the model. We conduct multiple EWAS with the cleaned sample n = 2286 to evaluate our proposed approach. In Table 9 , we calculate the estimated proportion to beπ = 0.000807 = 0.0807%. Thus the estimated number of significant CpG sites is 4.036. Applying our estimation, we narrow the region for tuning parameter λ to [λ min , λ max ], as shown in Table 9 . All detected CpG sites are listed in Table 10 . Those CpG sites in at least three models are in bold. The cg05575921 site in the aryl hydrocarbon receptor repressor (AHRR) gene, a CpG gene consistently differentially methylated in relation to smoking across many studies, along with other CpGs in this gene (Monick et al., 2012; Joehanes et al., 2016) . We detected another well established CpG associated with smoking: cg23576855 (also from AHRR gene). The association of cg23576855 and smoking has been previously reported by Philibert et al. (2012) and in the large meta-analysis of Joehanes et al. (2016) . This demonstrates the ability of our method, which considers correlation, to jointly detect well established associations in quantitative data.
Conclusions
For high-dimensional data, variable selection is always interesting but challenging. Penalized regression methods are preferred in high-dimensional setting because (1) they are more efficient than stepwise information criteria methods; and (2) they can consider effects of all variables simultaneously. The challenge is to find an appropriate penalty. In this article, we propose a new searching scheme for the regularization parameter λ in penalized regression. We develop an algorithm to calculate p-values in high-dimensional data through data multi-splitting and p-value combination. We demonstrate that our approach is applicable to multiple penalized regression approaches. These results also compare the performance of each of the different penalized regression methods on genetic applications.
The estimator constructed with p-values are used as a key step in our algorithm. We demonstrate the performance of our algorithm using both simulation tests and real data applications. In simulation tests, we prove that our method is robust for both weak and sparse signals, especially compared to other approaches. Using real data, we demonstrate the utility of our method in a real life setting. We analyze Chromosome 19 in ACCORD data and detect rs44592 whose association with LDL has been reported in previous publications. In epigenome-wide association study (EWAS), we detect association between smoking and 5, 000 CpG sites in Chromosome 5 and report some sites that were reported in other publications. Finally, we provide an R package on CRAN to implement our proposed approaches, which is available at https://cran.r-project.org/web/packages/HCTR/index.html.
6 Supplementary Information 6.1 Covariates in Regression Model for DNA Methylation Data Applications The cell type proportions were estimated using the method described by Houseman et al. (2012) with the reference panel intriduced by Reinius et al. (2012) .
